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The p^irpose of this Investi^tion was to experimentally dotemine 
deflection data for 0 to 180 Aef^QO tmiforo thickness cantlleTor sectors# 
The basic deflection data is presented in the form of influence coeffi- 
cients that Cf'n be ntili??:od in the determination of the deflection of 
sectors as caused by any re^^lar transverse loading* 

One phase of the investigation ^s sx>eolfically planned to achieve 
results that could be compared ’.dth on analytical solution of the problem. 

In addition to the basic 62 q)erin 8 ntation» preliminary investigation 
^3 made of the effect of thickness and boundary fixity on the stiffness 
of cantilever sectors. 

Deflection modes as calciilated from the data of this investigation 
\;rere in close agro<^ont with those determined by the analytical solution. 
A^eemont in absolute na^nitudo was of the order of 15 percent for three 
loading conditions checked. 

Further investigation into the effect of thickness is considered 
desirable before the results of this investigation are applied to the 
determination of deflections for sectors of different thickness from 
these used in the investigatlozu 

The investigation ms carried out in the Guggen2ieim Aeronautical 
Laboratory at the California Institute of Technologyp Pasadenat California. 



71XPEHIMSOTAL DHPU3CT10H SUirm 
OF CMmLSTPul o ]0?C33 OF UillPOH^ THICICTISS 

I IliTROFuCTIOIT 

The purpose of fclds investigation was to study the deflection of 
ludfom thickness scctox^ when fixed on one radius and subjected to trans- 
verse loadings. The Invostigatlon ’.<"as tiade using speclnens of Z^T 
aluninum alloy. All loadings were below the pi*oportional Unit of the 
tnatorial. 

The eaporinental ’.\'ork vjas divided into tw phases: 

Phase 1. Obtaining deflection data for a fanlly of sectors of 
varying opening angle bat ;dth identical thidmess and radius. The de- 
flection data was reduced to Influence coefficienats that wore arranged 
in matrix fom. The sectors of this family varied In sector angle from 30 
to 180 degrees. 

Phase 2 . Determining the deflection pattern of a 45 degree sector 
when subjected to a particular boundary loading. This phase was for the 
purpose of obtaining results that could be compared ’.d.th restilts of an 
analytical solution. The second phase also included a preliminary 
investigation of the effect of thickness and boundary fixity on the de- 
flection of sectors for the Tjarticular case of 45 degree opening angle. 

The testing equipment was designed and built by the author in col- 
laboration with William K. Henry, and utilised the basic facilities of 
the GAICIT* jstruotures laboratory. 



•Guggenheim Aeronautical Laboratories, Callfonda Institute of Technology, 
Pasadena, California. 



A najor portion of the tine spent on the dovGloxment of proceduros 
and techniques which vx)uld pemit the investic,Tition to proceed noro rapidly 
and yield data that could be used for the detomination of deflections 
('mised by any kind of tranovoroc loading. 
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The ^poclnon ir* Phase 1 of this investi^ticn vae cat 

fron 1/4 inch altininiar *»^lato* The original specinen was 19*94 

inchec in radi-aot had an avcroj^jo thidniess of 0.251 inchos and a oector 
angle of 180 degrees. Sectors of 135* 90 » 75 1 60» 45 1 and 30 degrees 
r/ero obtained by profcrosoiToly cuttixig hack the basic specinen. Pigore 1 
zho\m the plan fom of tho specinon v/ith its 19-1/2 x 20 inch hold-down 
extension. A 2 inch by 15 degree polar grid v/as lightly scribed on both 
sides of the sx>ecinen after it kid boon painted with a light coat of 
Dyken Blue. 

The 32^3ciaon used in Fxiase 2 of this investigation was cut fron l/8 
inch 245T cluninon alloy plate* Tho average thickness of this spscinen 
i/as 0.125 inches. The overall radius was 25 Inches and the effective 
radius was 20 inches, pjidial saw cuts were nade between the above nentionod 
radii at 1 inch intervals along the effective clrcunforence. Slgure 2 
shows the plan fom of tho specinon used in Phase 2. 

The testing equipment ims constructed using an existing steel frame 
as a suptx>rtlng l)ose. Tv;o 2-1/2 x 4 x 3/4 inch angle soctlons approxi- 
nately 43 inches long wore leveled and secured to tho existing base frame. 
Tho upper horizontal onxrface of the angle irons had been laachlned to 
provide a Icvol surface for the laold-dovn plates. Two stress relieved and 
naohined 1 x 29 x 19-1/2 inch steel hold-down relates were secured to tho 
ajv^le irons by 12 steel bolts. The specinen was inserted betvreen the hold- 



doim plates and shi.ns ijj?. Ind*. thii'nor the apociaon vor© used to 

proYont f':tces3ix’o of the l\old-dcvn pl:,te3# Since no bolts could 

bo \isg 5 near the line of fixity of the speclncn# three cemv ^sc^zz *.^re 
'^riT^^oyod to lAcreaso the of the upper hold-^o'^ plate on the 

specinen# Tho ccr'r.; jacks usod v;orc sufficient to cause noticeablo con- 
cave bending; of bot*'* hold-do;m plates* 3 cho^jn the raTan^cnont usod 

to secure tbo spccincn. 

The loudiiv; do^/ico pozTvlttod the application of point lcr;ds fron 
above Irj the use of a loi.dirv:/ pin to which weii^hts wore added* The 
point of the loadii\: pin (ground to as smll a rc».diuo as possible 
v;ithout its csausiTv: to tuc spocinon during repeated loading* 

The novonent of the load to tlio various grid points was acconpliohod 
in t}^e following ?iv.".n:aer; 

(a) The loading pin \xlq raised fron contact with the spocinon by 
a four foot lever am tliat had a fulcrum above the sector center* 

(b) Tho levor arr* carryirig the loading p>in \Ath it, could be 
rotated about tho sector center tliroughoat the required 180 degrees* 

(c) Pjidial notion of tho loadliv; pin accomplished by means of 
rollers on tho guiding neclianisn* These rollers acted on tho levor am 
£ind could bo locked at any radial position. 

(d) Tho leading pin guiding nechanisn v/as so arranged tb-at '/hen the 
load was positioned on the specinon neither the lever am nor the guiding 
neclunisn took any appreciable amount of the vertical load* 

Further infomation on tho mechanical details of the loading can bo 



obtained from Figure 3 



A deflection table v/ae positioned parallel and 9-1/2 inches below 
the lo’-ijer stirface of the specinen. This deflection table coi^isted of 
an ordinary office table that was secured to the testing frame by means of 
”C" clanps. A 30 X 60 ixich smooth Burface top was made from l/h inch 
masonite glued to 1 inch plywood. When rigidly clamped to the table 
this top provided a smooth and steady platform from which the deflections 
could be measured. Since there was no wei{^t on the table other than the 
deflection gauge, no additional rigidity of the table was deemed necessary, 
A deflection gatige was made by mountixsg a Model 282 Ames dial 
gaiigo of 1 inch travel and reading to 0.001 inch on a sturdy base. The 
main spring of the dial gauge was reaoved and a unifora gauge force was 
obtained by gravity action on a horisontal 8 inch aluminum bar supported 
at an off-center pivot. The overall height of the deflection gauge was 
made adjustable by the addition of precision ground base blodcs. 

Figure 4 Illustrates tho operation of the deflection gauge. 
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III GALIBIN Tjsmio 

Prelininary tcsto for the x^orposc of dstcmlniii^ ths noat doalrable 
G:sporinontatton tecrinlques v,^rc conducted on a 0*C73 2^^T alunlnun 

3p0cincn. F«arly inv03tli:;ation indicated tlic desirability of loading the 
cpocimen by ^'mvlty from above uhllo deflections vrei^o bein^ measured 
froa below* 

'The follo^dn^ o^neral rociuirononts wore sot forth: 

(a) flazinua deflections must be as larco as x>03riblG to keep 
roadinxj errors to a nirdnurni but mcasureablo porrmnent set of the sped- 
doa a\iQt not result. 

(b) Tho loadin^^ mst be as lar^iio as ix)3sible vlthln tlio linits of 
(a) above and yot pomit easy nanruil handling. 

(c) Sector angles from C to 180 do^^ees mot bo invoetifyited^ 

(d) From the data obtained it mat be possible to dotemine the 
deflection of a opocinon undor any fom of transverse loadtnc# 

In view of the above requir«nentSi ,it was decided that the super- 
position of deflections caused by point loads v;ould be utilized andi 
furthert that Maxwell* s Reciprocal Theorem ifould be used to miidmize the 
anoTint of data required. 

The preliminary investigation utilized a standard spring-loaded 
dial gauge and the results obtained did not agree with Maxwell* s Reciprocal 
Theorem. Two possible causes for this discrepancy wore investigated. 

(a) Fixity of the specimen In the test equipment. 

(b) Linear variation in the deflection ^uge force on tho specimen 
because of tho main spring of the dial gauge* 
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I 

By re^laciiij tlie min oprirvj of the with a lover oyiten 

tliat produced a unifom deflection (px)^Q forco tliroivjhout its ran^e of 
travel, the reaults v;cre found to nutiefy rax;';Qll*5 Beciprocal Theorem* 

By repeated testin^^ it v/as detczinined tliat r.arwoll’s I^eciprocal Theorem 
v/ould yield reaulta \/itliin tho occitter causod hy repeated readings for 
any one pOlut* Superposition was c! recited by oon];>aring results with those 
of a survey oado with a uniforin load on a ^5 dogreo sector* 

By plotting deflection data from the prellnlnary invosti^tion, 
the distribution and density of loading ]>oints were decided upon* 

It was deterciined tliat the most accurate results could be obtained 
by leaviiv' the deflection {;augo \mdor a given point while tho load was 
moved from point to point* Tliis testing proccdurv^ eliminated erroz's that 
P night result from irregularities in the deflection table if the gauge 

were moved between readings. It also made it possible to obtain a check 
on the taro reading after each load had been ronoved* A third advantage 
of this method of tooting over an alternate method^ was that deflections 
could be read directly without need for subtracting a tare reading each 
time* 



I 



* The deflection gange can he noved to each of the load points ^rhile the 
load ie at one load point. 
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Prooccbiro for ra'?,g ?.. 



no do.'^r*'^ tsectrr thr r,~'nni‘oen rurv::^^rcJ. It T;r.f5 

Gecvir3d in th<“ teat erinlrnent anri ra-' lnr' rloflcrtion readin.':^ verc tricen 
ir^jTMTO that the dr.tr. '/oul/’ e.atisfy !*r^rcdr*a K'^ci^^i'ocal Thecrcr . 



Fifty-three ^Id points vore selcrted as teet '^X/inte. Tho deflection 
r.etsr ras rlac'^d under a test '^ni^t "^rd t^'C ■*y?.v,^o soroed yith no load 
aralied, Woi^ts had heen r.tterhrd tc the los'-llr/'; pin to nshe its total 
ueifrht 50 notinds. The loading'' *^in '^ro^rssslVv''ly r.ovod to all tost 
noints, Deflection roadinic as road yore rnultinliod by 20 and uoro re- 
corded on data sheets. Th*^ ar^jshers recorded, tliereforn, represented 



inches of defl^^ction ▼'cr 1000 ^unds end arc hereafter referred to as 



influonco coefficients desl^p^ted as f. 4-, 



(2) 



p.y crrloyiiv^ iJa:syell*s Pecinrocal Thcorer', once tho deflection .^uge 
had been under a test r>oint and oil reading Vdront that ix>int novor bad 



to be used o^in as a loading point. 

Upon conplction of the deflection cu2rroy, the data was transcribed 
to the noro convenient natrix fora of Tables 1 to 7. 

The data for each test point was esaalned for large discrepancies 
by drawing contour lines on tho rou,^ data sheets. Figaro 5 illustrates 
a data sheet that had been ozanined In this narmcr. 

Upon coraplotlng a check of all the da.ta for tho 180 degree sectort 
that specinen was renoved# cat back to 135 degrees, and the above testing 
procedure repeated# 



Sinilar OTOorinental procedure followed with tho 90 , 75t 60, A5, 
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and 3^' d'\:r'30 z-;: 2 ci :. 2 nz. Xic tost nood for oacli speclnen aro 

indicated "jy the d-ta in -.^olcs 1 to 7* 

\Z PrccedLxrc for ^l-ace 

' 2he method of uQaouritit^ clcfloctiono in tlaio phe-oc ’.;as tho canc oo 

for VhiiGe 1 oncept that ha::iv.oll*e Reciprocal rhooren a-as not utilized* 

A distributed ooundar;,^ loading; of . 0 inch pounds radial uonent 
per inch and pounds choar per inch vac iaposod over one inch of 

the effective circiiaforcncc hy placing a iO. ’.O j>ound load ^>.00 inches 
from the root of a finder. Deflections :;cr: recorded us the load irus 
noved to each of the 15 fin^ors ^’oro 1 inch v/idc at the root* A 

nodified procodnre used in the case of the l6th fintjer t’lat uas 0*71 
inch wide at the sroot* ^ 

^ Inriuencc ooofrioionts for the ohcix alone uere ohtvuinod directly 

fron dof loot ion roa'iincs tahon v/hen a 10 pound conconti’ated load was 
placed at tho root of cacli fii^^cr* 

Influence coofficiento for radial monent alone were calculated from 
tho data hy tho method illuctratod in the Appesidix of tide report. 

!The above procedure \7az repeated for tlie same sector after all 
fillers had been split to one-half their original width* The results 
were conj)ared and then all eixcpt 3 of the narrower fingers v/ere cut off 
at their root and the procedure repeated for those tha*e© fingers* 

By making a plot of all coefficient a against arc posit ioni and 
including on tliat plot tho values from the tliree finc;cr teat* it was 
possible to correct the original data for the effect of the fingers on 
the plate stiffness* 



n cVitr, for t'l'' l/H inch, *'S dc^'roo noctor 

ron^r~t'"d for V’O ,v>'"vr •oontiono'^ effect* 

•\ ^rolinlru^r/ -r-o ‘^-.do of t}io rr-latlvo ctiffnsG'. cf 

tho '^y*^'- inch Inch ir 'iho ^dvxo':. *^iio 

'r tier, ’'a? '"laio '’''p- t!ir orrrn*", oncH"^/' of ^''•o 

rc3footivo matrices of irfl''*ror.c^ coofflcio* tr' for fiT^ -^ointo on tho free 
hounoaric^. hl^ o tJ o oor^ar*0'“'n of for *;ho five ;;cints 

ir.veoti^7".tod* 



■"'ho offoc'?/ cf 

ti*i' do:^.r!C'*;lcir no ohtainod 
tij dit one d an entr^Tio mount. 



t"” condition** ": or VI*/* tod V* co:"/'* r'iyvj the 

**ith th'^ sere*.; ^ 1 :.r*o; r/'t prooent ojod t-iom 

■^5* trdr ~r^o*o,^^'ro V. o effect of fie.itp/ 'us.e 



ccn^idrrr.d to have hmn jo'infod 
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V CAST. 0? r)in".''TJTnT~PD LOADING 

The deternlnation of the doflectlon of a sector plate caused "by a 
distributed load requires that an area coefficient desigiiated “a " ho 
associated with each of the loading points of the influence coefficient 
mtrix. • If in the syrmetrical influence natricos fomed in this inresti- 
gation there are '*n" loading points designated by subscripts "J" there are 
"n" doflectlon points designated by subscripts "i”. ilow if q Is the 
loading intensity of tho distributed load at the load point "j" an equiva- 



lent concentrated load p^ can bo defined as follows J 

= bb 



( 1 ) 



If is the true deflection of the sector at point "i** due to a distrl- 

entt 

( 2 ) 



huted loading the rigorous requirenents for the area coefficients becone 

' Si = fii 



where (2) oust be satisfied for all deflection points sliaultaneotisly. 

To meet these reqtiirenents a^ would be a function dependent ux>on: 

(a) The geometric position of "J” with respect to other load points 
and the plate's boundaries » 

(b) Tho load distribution, 

(c) Tho deflection node near *1". 

Accordingly a^ cannot be uniquely defined for all values of load distri- 
bution and still satisfy the requirements exactly. 

For regular loading distributions and resulting deflection pattern* 
a imique a^ can be assigned each loading point that will satisfy Equation 
(2) to an acceptable degree of accuracy. The accuracy will be dependent 
upon the variation from the ideal in the load distribution and deflection 



patterni 



For this specific investigation the assignment of unique values to 



the area coefficients v/as based on tv/o approximations* 

(a) ?1ie load distribution \^s taken to be constant over each ele- 



(b) Influence coefficients varied in a linear manner between 
adjoining grid points* 

In Phase 1* where for reasons previously mentioned the loading 
points were selected arbitrarily* an \insynmetrlcal distribution of load 
points exists* This lack of syrmotry made it impractical to establish 
one general rule for the determination of all area coefficients. Typical 
examples for elements as illustrated In Figure (a) follow* 

/ -I N 

Area ' bounded by 



mental area aj 



h — —Jo 



or containing load 





and e was distributed 



to those points 



as follows: 




to each a* b, 
8 g, and f* 



^ to internal 
2 point e. 



^ f I u ! I / I !} ^ 



0 to k. (This assignment of zero to k was made since k v/aa an 



'unsymnetrical point which was originally selected as a load and 
deflection point because of its importance in the case of boundary 
loadliTgs* It could be illustrated that failure to assign an area 



- 1 ” 






coorficiont io thin voiiit does not eaiise it to he elininated as a 
deflection point.) 

To Justify th.0 assi<;nncnt of to point "e” esanlne a geonetrically 

T" 

sinilnr Internal point ”g” \»iiich t'ould be assigned ^ froo each of its 
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four adjoining areas. 

Hie typical area coefficients bo conet 




Tor the area c, h. It c* (whore c* is not a loading point) the 
area io first distributed equally to the four corner points. That 
area which was assigned to c' is then redistributed to c and o inversely 
as the distance fron c* to those points. This arbitrary method of area 
assigment for elanents near the center of tho sector is based on the 
approxlnatlon that the load distribution vdll be nearly constant and that 
the deflection between the tvra points will be linear. 

Writing the deflection for tuiy point we have 

••••'/' %%^io 

where a* would be the area coefficient of point c if c' were a real load 
point. The last tern of (3) vanishes since g^^ oust be zero where the 
fixed radius does not deflect. 

Considering only tliat part of the deflection which is caused "by 
the loading hear c and c' we have 

''i = ^'c'loSlc ^ 



(4) 



- 1 ^ 



Then if varies linearly and r from the asffii'oi'tions nadc 

Equation (4) can "be wit ten 

vf = / a^,q^, . 2/3 Sjc H a^q^eic <5) 

or 

<a* ^ 2/3 a^,) (6) 

and 



2/3 a^, (7) 

whore ic the total area coefficient of tho point ”c”. 

Equation (7) illufitratea that for the approximtions laade there 
is Jrxstifioation for the arMtrary assl^pmont of the area asstmed hy n 
nonr-load point to other load points In the inverse ratio of distance to 
those points* 

Since on a fixed boundary vanishesf tho area coefficients 

assigned to the boxxndary points have no signi;flcanoe except to provide 

n 



a check* The area of the sector nust oq^ial 

Tables 10 and 11 have tabulated values for the area coefficients 
assigned each loadiiig point of the sectors investigated* Because these 
area coefficients are for sectors of 20 inch radius nultipllcation by 
r^/WX) is required to reduce thesn to coefficients for other radii* It 
should be noted that v/hile the area coefficients as defined here have 
dimensions of square inches ho attcjmpt was made to associate any given 
boundary with the area except to imply that it is in the vicinity of the 
corresponding load point* 

For convenience of notation the area coefficients for each specimen 
Investigated are arranged in column matrix form and designated as |a| • 
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The arran^enent of the elesaents in the colttnn laatrlz is nade to corres- 
pond with the ordor of the load points in the associated influence 
coefficient matrix. 



VI fglSULTS Airo DISCUSS I07T 

^ ,g;T. J^ig.9. 



The resTilts of Phase 1 of this InTesti^tion are contained In the 
mtrioes of Influence coefficients > Tables 1 through ?• Colunn matrices 
of the associated area coefficients are glTon in Tables 10 and 11» The 
results as presented aro applicable to 20 inch radii cantilever sectors 
of 24st altminun 1/8 Inch thick and for loadings within the proportional 
Unit of the material. 3y use of the coefficients presented the deflection 
resulting from a transverse loading on any thin cantilevered sector of 
from 0 to 180 degrees can be ascertained, 

A deflection caused by a concentrated load Pj at any grid point 
is given by 

wj r ^jSij X 10“3* (8) 

This deflection occurs when the sector Is geonotrleally and physically 
identical to the sector used in this investigation. Vflthin the region 
of proportional stress-strain the accuracy of the deflections determined 
for this type of loading is governed only by the accuracy of the values 
of the influence coefficients. 

Possible sources of error in the tabulated influence coefficients 

are I 

(1) Method used in measuring deflections, 

(2) Method of loading test specimen, 

(3) Hxity of specimen at its supporting radius, 

(4) Imperfections in the test specimen. 

•Double Indices do not Indicate summation over J. 
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By ro ^cctcd test raadings and by utilizing Maxwell's Reciprocal 

nisorcn it ’JUS estinated tliat because of (l) and (2) the coefficients 
nay have a scatter of t, »5/5 or ^.02 whichever nay be the larger* Pron 
the preliminary investigation the errors caused by (3) were bounded by an 
upper and lower Unit that were in variation by 5 percent. The material 
property curves Indicate that tho error caused by (h) should be of nagnl- 
tudo less than 2 percent. 

j?or concentrated loads at points other than the loading points 
•osed in this investigation, interpolation of the data by graphical or 
algebraic methods can bo employed. The accuracy of the interpolation 
and the accuracy of the influence coefficients will both affect the 
accuracy of the final results. ?or deflections at pjoints other than 
grid p»oints and for deflection surveys of sectors of intemedlato sector 
angles a similar interpjolation can be used. 

For a continuous finite transverse shear loading on the free boundary 
of the sector, the deflection at any grid point is found by graphical or 
analytical evaluation of the integral. 

^1 = ^ ^(s) %(s) 

s 

The process of evaluating and using for the boundary from a finite 

number of g^j values nay introduce interpolation errors in addition to 
those existing in the basic data, bhere reasonable methods of interpjo- 
lation are employed these errors will not be accumulative but will average 
out and. therefore, be admissible. 



Dpfloctlon 9iirvnyn for distributed transverse loading over the 
"^lan Torn of the sector -^rovidc the t^n'^e loadiiv^ of the nost £;eneral 



Intorcst, Distrl'iutecl loadi 2 v:s iucludin<s urdfom loads and loads of the 
nature cncountor^’c'' by airfoilc in subsonic or aupcrsonic flow are of 
sfoclal intoro^^t if the eoyroxination of airfoils by thin plates of uni- 
form tMrknoss is pAmitted* Such loadings can bo treated from the 
data obtained In this investl^tlon. 

7or the case of a distrilmted load of intensity q.j at ^id point 
the dof!!oction is approrinated by 



^1 = ^ ^ 10 “^ 

ejSJ. 



( 10 ) 



or In riatrl::: fom 



hi = ( 11 ) 

where [o]o< la the aymetrical aqaare matrix of influence coefficients 
for a sector with sector angle o< , 

{(ij is the coluEin matrix formed by the products 

is the colurm matrix foined by elements Wj of the deflection. 
Possible sources of error in deflections determined from Squatlon 
(11) are: 

(1) Errors In Influence coefficients, 

(2) Errors in area coefficients as discussed in an earlier section 
of this report. 

In the case of loadings that are discontinuous or have discontinuous 
derivatives less aci^urate results nay result. In' the case of such loadings 



- 19 - 



accuracy could "be Improved "by effectively Increasing the density of 
the test points through interpolation. This procedure would reqyilre 
the detemlnation of additional influence coefficients by interpolation 
and the reassignment of area coefficients to all loading points. 

For sectors of thickness, radius, or material constants different 
from those used in the investigation, the detemlnation of absolute 
deflections can be accomplished throng the use of the elasticity rela- 
tionships that are applicable to thin plates. 

6.2 Results of Phase Z. 

The influence coefficients obtained for transverse shear and for 
radial nonents acting on the arc boundary of the degree sector used 
In this liiase are given in Tables 8(a) and 8(b). Coefficients for trans- 
% verse shear are designated and are zainerically equivalent to the 

deflection in Inches at "i" caused by 1000 pounds shear per Inch acting 
over one inch of arc at Influence coefficients for radial nonents 

are designated aod correspond to deflection at ”1” caused by 1000 
inch pounds radial noment per inch of arc acting over 1 inch near 
The coefficient ^gjj represents deflection at "i" caused by 1000 pounds 
of concentrated load at "j" where, in this case, "J" is the free comer 
of the sector, namely, 45 degrees and 20 inches. 

The coefficients given in Tables 8(a) and 8(b) are applicable 
to 24lf aluminum sectors of 20 inch radius and 1/8 inch thickness. 3y 
superposition, the deflection of such a sector caused by any given 
boundary loading is given by the equation 

% 
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Jsx 

where 

V. is the transverse shear in pounds ner inch of arc near **J”. 

j 

Mj l3 radial rao!!ient in inch pounds per inch of arc near 

Pq Is concentrated load in pounds at 45 de^oes and 20 inches* 

For 45 de^ee sectors of thickness, radius, or mterial constants 
different from those of the sector used in this phci.se of the invostic^- 
tion, the detemimtlon of deflections can hs aeconplished throng use 
of the clasticit7 relationshlpa for thin plates. 

The deflection at sin points on the froo boundary of the 45 dot^roe 
sector were conj.:utod for t!iree specific boundary loading. The boundary 
loadliv^ consldored are civen by Plirraros 6* 7, and 8. The dofloctions 
caused by these loadings as dotcrininod fron I5qpation (12) are roproeented 
by Plf^ures 9# 10, and 11 respectively. The loading Investigated corres- 
pond to loadings for which an analytical solution has been obtained by 
Wlllians. The doflectlons given by the analytical solution ore indi- 
cated on Figurets 9# 10# and 11 along with the dofloctions as dotemlned 
by this enperliaental nethod. V/hilc it is anticipated that thoro infill bo 
no more than minor changes in the analytical results, the author wishes to 
call attention to the fact that the oonparisons made in Figures 9# 10, 
and 11 are therefore strictly valid only if no changes occur in the ana- 
lytical solution wherein it applys to the loadings, deflections, and 
material properties used horolru 



The follouliVK obsorvatious are considered significant; 

(1) Tho order of nsagni trade of the inaxLnun deflections as deter- 
rdned ‘by the t\:o approaches is the aarao* 

(2) ?or the tlireo loadings investigated all defloctions In each 
case wero less vhon detominod ©zperlnontally than when detemined ana- 
lytically* This findii3g is contrary to what is nomally found when ex- 
perincntal results aro comixjred with analytical results* such as in iDeaci 
problems* It is, however, in accordance with some preliminary results 
of a similar lnvestir:ation on cantilevered rectangular plates* 

(3) The deflection nodes as dotominod by the analytical and 
cxperinental methods are similar* This observation indicates that good 
agreement night he ©xixjctod for the stresses near the sector^s boundaries 
as doternined by the two approaches* 

The results of u prelininciry investigation into the effect of the 
tliickncss of sector plates on their stiffness are contained in Table 9» 
Deflection data for the l/4 incli sector plate was compared with corres- 
ponding dofloctioa data for the 1/8 inch sector of Phase 2* The elementary 
relationships of elasticity wiien applied to thin plates with small de- 
flections give deflections invorscly as the cube of the thickness* Fttmi 
that relationship the ratio of deflection of the .125 plat© to the *251 
plate v/ould be 8.10: 1* For the five points investigated the eaperinontal 
roBUlts indicate tiiat the ratio of deflections is nearly constant and of 
the order of l 1* 

Possible c-auses for this variation that nay have resulted from tho 
eaperimental techiiiquo are: 
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(1) The thinner 1/B Inch plate raay have pemitted a hl^er degree 
of relative fixity at the supporting radius. Since the preliminary in- 
vestigation into the effect of fixity indicated a naxlniun of 5 percent 
variation in deflections for various fixity conditions it is Iraprobahle 
that this is the only cause for the variation noted. 

(2) There my exist a "thickness effect" which is accentuated 
enough hy the geometry of the plate to require the use of the thickness 
tern in the plato equations. 

( 3 ) The material constants of the epecinen were different from 
/ 

the values assumed in the calculation of the boundary loading, namely, 

E « 10.3 X 10^ and = . 3 . 

A complete investigation of the effect of thickness on the deflection 
of similar plates was beyond the scope of this investigation but, in view 
of the limited observations made, it must be concluded that further in- 
vestigation is necessary before the results of this deflection survey 
can be accurately extended to sectors of thicknessf radius, or material 
constants different from those of the test specimens used. 
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As a result of this investigation the following recoranendations are 
made as to the nature of future e3q>erimentation with cantilever sectors: 

(1) That a deflection survey he made of a cantilever sector f for 
any given transverse loadingt hy some alternate osperlnental method. 

The agreement vdth the findings of this survey would give a quahtitatlve 
indication of the accuracy to be expected in the \xse of the results of 
this investigation when extended to any of the many surveys that can be 
made from these results. 

(2) That an altercate method of applying iradial moments to the arc 
boundary be developed, and the resxilts be compared with those of Phase 2. 

(3) That an extensive investigation be made of the effect of plate 
thickness on stiffness. 

(ii) That surface stresses be determined at selected ptoints on a 
given sector subjected to a given loading. Pour alternate methods of 
determining, and checking, those stresses are suggested. 

(a) Strain gauge readings with total load applied. 

(b) By superposition of strain gauge readings for concentrated 
loads at grid points throu^ the use of the area coefficients given 
in this investigation. 

(c) By graphical or finite difference solution of the de- 
flection survey made by this influence coefficient method. 

(d) By the analytical solution, 

(5) That in future investigations (particularly when thin plates 
are used) conditions at the fixed boundary be accurately controlled. 
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The conclusions be eiimarised as follo^/s; 

1. That the influence coefficients dotonainod In tMs investigation 
provido sufficient and satisfactcr^r basic data for doteminln^ the de- 
flection sf 0 to 180 do^^ee cantilever sectors for anjr rSf^lor transverse 
loadlr!^, 

2. That# for soonetrically similar sectors that havo tho sane 
boundary fixity# coed aerconont with dcfloctiono deternined by other 
experinental nothods can be expected, 

3. That bocaiise of the technique used in securinc tho opocinon to 
the test equlpnont the ”offoctiro fixity” at the supi)ortinc radius nay 
have been even greater than that of a theoretically flat cantilever sector, 

h. That furthor investlgationt particularly into the effect of 
thlcknnos on stiffness# le essential before the data obtained by this 
investigation can bo accurately extendod to thin sectors of thiclmess# 
radius# or material Constanta different from those of the test apeclnen 



used herein. 
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MATRIX OP INFLUENCE COEFFICIENTS* 

FOR 1-^0 DEGREE SECTOR 

Radius - 20 inches 

Ave. Thickness - .251 inches 

24 ST Aluminum Plate 
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Table 8a 

Influence Coefficients 
= Inches Deflection/Pound ^ 10^ 

*: Inches Deflectlon/inch Pound x 10^ 

c®ij “ Inches Deflect ion/ Pound ^ 10® 



Sector Angle = 45®, t = l/8 Inches, Eadius = 20 Inches 
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Tal)le 8b 

Influonco Coefficients 

3 

«s Inches Defleotlon/Poond x 10 

= Inches Deflection/Inch Pound x 10^ 

e = Inches Deflectlon/Pound x 10^ 
c ij 

Sector Angle «= 46® /30", t = l/8 Inches* Radius =* 20 Inches 
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Inflaenea Coefficient .261 inch Sector 



TABLS 9 

Sffeot of Thickness 






on 'Stiffness 



Deg. 
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j 75® 1 


Deg. 
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Dag. 


In. ' 
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6.5850 


16 
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5.6850 , 


7.5 


20 


1 


15 


10 


10.4720 


15 


10 


■ 10.4720; 


15 


6 


8. 


16 


14 


14.6608 


16 


14 


14.6608 


16 


10 
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15 
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20 
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14 
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12 
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30 


12 


19.7804 


15 
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30 


16 
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30 


16 
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16 


18 
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30 
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30 
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15 
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45 
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10 
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14 
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TASLS 10 

Column Matrices of Area Coefficients* 
for 

Sectors of 20 Inch Radius 
•Inches^ / Point 



' 45 ® 

9897 
1214 
2427 
4720 
3776 
4300 
9794 
9897 
3396 
9010 
3304! 
3776 ! 
4300| 
9794 
9897 
1027 
9125; 
0944 
6170 
1416 
6652 
1888 
2150 
9897 



Deg. /in. 


^L80° 


i Deg. /in. 


^135® 


Deg. /In, 




15/6 
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15/6 
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Column Matrices of Area Coefficients* 
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Figure 3 

Arrangement for securing specimen 
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APf'iaiDIX 



Influence Cccfi'lciants (rorvl Concentrated Joaclnc-:^) ♦ 

Let S Deflection In inchoc at deflection point 
f j 5 ConcQntrntcd lead in peunde at lead point 
- 5D po-tindG (Mi^co 1) . 

Z 10 pounds (Phase 2). 

« Influence coefficient in inci\on / 1000 poTm.is* 

3 [lnchS3 def. {at ”i") por Ti (at "j")] s 10^. 





■•"ij 


s 








- 


20 




-ii 




O 

o 

rl 




In the 


o.^-erine 


aero 


■rith 


the 


load of: 


The 


sii^ie 


:iu 


Itl^lica' 






(r-iano ?,) 
(PV.s-s Z) 



'a 



iti 

li2 

1:3 

1 gauge was set to read 
■’hen the load •■iats applied, 
the rscordlr^ of gj_j 



directlp-. 

Inriuonee Coefficients (Sherr ZoadlaT alon,?: Bouneb-rr) . 

Let r Doflectloa In inches at "i”. (Phase 2). 

; Shear in pottnds / inch on 'bcundaly near "J”. 

2 Influence coefficient in inches / 1000 pounds. 

3 [inches deflection (at ”i“) per poTind near ”j'[] i 10^. 
s 3 Boundary length of elsnent near "j”. . 

"ij = '2*1 

Por 10 pound load and fingers 1" vflde at root. 



^'IJ = (ringer lie. 1-15) 

100 



gij = VjLj 



X 100 



2i2 



Tor 10 load and :fingsr ,71" vdde at root 



X lC-3 (rin-ior Ho. l6) 



By suporpOaitiont i’or the specific CciSe of riiase 2 t]ve deflection 
at aiiy point duo to u distriouted slicar load on the boundary io civen 

byi 



jsx 



10 “^ 



2:1a 



Equations 2i2 and 2:3 indicate that the influence coefficients are 
Independent of the width of the fir^jers. However, 2:1a illustrates how 
the width of the finger is used when calculating deflections hy the use 
of Influence coefficients. 



Influence Coefficients (Badlal.M«Magnt. .Ph. Free boundary) . 

Let w^ s Deflection in inches at "1". 

Mj 2 Badial Moment in livches / Ih / inch near "j". 
s ^,9 inch pounds / iiu (Phase 2). 
n^lj ^ Influence coefficient in inches deflection per 1000 
inch pounds / inch / inch. 
z [inches deflection at "i" per Inch pound near 
For 10,4 pound load 4.8 inches from root of 1" fingers. 
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= 1.0(10.4 ^ 49.9 cjgij) X 10“3 


(Fingers 1-15) 


3:1a 




* 0.71(^^ vSi(l6) 1^*1 mSi(i6) 


X 10 (Finger 


16 ) 3:lh 




Z Wl j X 10”^ “ 10.4 ygjj 


(Fingers 1-16) 


3:2 
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Experimental deflection survey of cantil 
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